
Quantitative principles in biological systems

1. Chemotaxis and random walks

Spring 2025

What is surprising about biology?

𝐹 = 𝑚𝑎

Complex, diverse, evolved, functional, …

What are the quantitative principles 
governing biological systems?



Syllabus

Week Topic
Sensing molecules

1 Chemotaxis and random walks
2 Chemotaxis and chemical reaction networks
3 Problem solving session #1

Optimizing growth
4 Bacterial growth and optimization
5 Gene regulation and statistical mechanics
6 Problem solving session #2

Representing information
7 Morphogenesis and information theory
8 Sequences and spin glass models
9 Problem solving session #3

Evolving diversity
10 Evolution and evolutionary dynamics
11 Microbiomes and random matrix theory
12 Problem solving session #4

Searching for principles
13 Final project discussions
14 Neural networks
15 Final project presentations
16 Searching for principles

Tools for predicting the next 
pandemic strain

Hopfield networks –
2024 Nobel in physics

Hopfield again –
Kinetic proofreading

Syllabus

Week Topic Assignment
Sensing molecules Problem set #1

1 Chemotaxis and random walks
2 Chemotaxis and chemical reaction networks
3 Problem solving session #1

Optimizing growth Problem set #2
4 Bacterial growth and optimization
5 Gene regulation and statistical mechanics
6 Problem solving session #2

Representing information Problem set #3
7 Morphogenesis and information theory
8 Sequences and spin glass models
9 Problem solving session #3

Evolving diversity Problem set #4
&
Final project

10 Evolution and evolutionary dynamics
11 Microbiomes and random matrix theory
12 Problem solving session #4

Searching for principles
13 Final project discussions
14 Neural networks
15 Final project presentations
16 Searching for principles
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Learning goals –

1. Biological systems follow 
quantitative principles.

2. Interdisciplinary research is more 
than mix and match.

3. We can do it!

Bacterial chemotaxis will be our introduction to quantitative principles.

Lauga. Annu Rev Fluid Mech (2016)

Numbers rule –

Size ~1 um

Speed ~20 um/s (!)



Single-cell trajectories look like random walks.

Pearson. Nature (1905)
Berg and Brown. Nature (1972)

Consider a simple 1D random walk.

At each time step, take a step left or right with equal probability.

𝑥 𝑡 = 0

𝑥 𝑡 ଶ = 𝑡



Consider a simple 1D random walk.

At each time step, take a step left or right with equal probability.

𝑝 𝑥 ∝ 𝑒ି
௫మ

ଶ௧

From random walks to diffusion.

Einstein. Ann Phys (1905)
Wikipedia

𝐷 =
𝑘𝑇

6𝜋𝜂𝑟

𝑥ଶ ∝ 𝐷𝑡

Diffusion
coefficient

Viscosity



From random walks to diffusion.

Tavadodd et al. Eur Phys J E (2011)
Berg and Brown. Nature (1972)

𝐷 ≈ 1 um2/s𝐷 ≈ 100 um2/s

Numbers rule –

Reynolds number Re = 
(density*speed*length) / (viscosity 𝜂)

Bacteria live in low Reynolds number.

Purcell. Am J Phys (1976)
Lauga. Annu Rev Fluid Mech (2016)

Bacteria can’t coast!



Numbers rule –

Reynolds number Re = 
(density*speed*length) / (viscosity 𝜂)

Bacteria live in low Reynolds number.

Purcell. Am J Phys (1976)
Lauga. Annu Rev Fluid Mech (2016)

Bacteria can’t coast!

Run and tumble

David Goodsell. PDB (2024)
Lauga. Annu Rev Fluid Mech (2016)

Run and tumble, counterclockwise and clockwise



Bacterial chemotaxis will be our model system for sensing.

Yang Bai et al. eLife (2021)

Gradient of attractant

- How to measure gradients?
- Control which components of the process?

Runs

Tumbles

Statistics of runs and tumbles

How random is the motion?
They are Poisson processes:

Constant rate of events
Independent events

Berg and Brown. Nature (1972)

𝑝 𝑡 ∝ 𝑒ିఒ௧



How precise can cells sense concentration levels?

Bialek

What are typical values of 𝑐 and 𝐷?
𝑐 ≈ 1 nM → 1 molecule per cell
𝐷 ≈ 10 um2/s → 10-1 second per cell

What is the precision of counting 𝑛 molecules?
Poisson process again!
𝑛 = 𝑁

𝑛ଶ = 𝑁

𝑛 ≈ 𝑁 ± 𝑁

How many molecules are counted over time?
(counting time 𝜏) / 𝜏ௗ * 𝑁 ~ 𝐷𝑎𝑐𝜏
𝜏ௗ: time to “renew” sampled volume

Relative error 



=

ଵ

ఛ

𝑑

How precise can cells sense concentration levels?

Bialek

Numbers rule –

Diffusion limited rate 𝐷𝑎𝑐 ≈ 500 s-1

→ Relative error 



≥ 3% after 1 s.

Measurable gradient across the length of a cell 

cannot be smaller than 
ଵ



௱

௱௫
≈ 30 mm-1

… but actual gradients much shallower

Must measure temporal gradients!
Runs last 1 s at 20 um/s
... measurable gradient is now ≈ 1 mm-1.

Why not measure even longer?

𝑑



How precise can cells sense concentration levels?

Berg and Brown. Nature (1972)

Numbers rule –

Diffusion limited rate 𝐷𝑎𝑐 ≈ 500 s-1

→ Relative error 



≥ 3% after 1 s.

Measurable gradient across the length of a cell 

cannot be smaller than 
ଵ



௱

௱௫
≈ 30 mm-1

… but actual gradients much shallower

Must measure temporal gradients!
Runs last 1 s at 20 um/s
... measurable gradient is now ≈ 1 mm-1.

Why not measure even longer?
Rotational diffusion.

Bacteria measure temporal gradients.

Block et al. Cell (1982)

Adaptation



Summary

- Numbers provide intuitions for 
understanding biological systems.

- Bacterial chemotaxis is a stochastic 
process that senses and adapts to single 
molecules.

Bitbol and Wingreen. Biophys J (2015)

Themes and perspectives



Themes and perspectives

Week Topic
Sensing molecules

1 Chemotaxis and random walks
2 Chemotaxis and chemical reaction networks
3 Problem solving session #1

Optimizing growth
4 Bacterial growth and optimization
5 Gene regulation and statistical mechanics
6 Problem solving session #2

Representing information
7 Morphogenesis and information theory
8 Sequences and spin glass models
9 Problem solving session #3

Evolving diversity
10 Evolution and evolutionary dynamics
11 Microbiomes and random matrix theory
12 Problem solving session #4

Searching for principles
13 Final project discussions
14 Neural networks
15 Final project presentations
16 Searching for principles

What problems are biological 
systems trying to solve and how?

How do biological systems 
navigate parameter space?

How do biological systems 
represent information?

How does biological diversity 
emerge and persist?


